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ABSTRACT 

1 //// 6 
An a n a l y t i c  treatment of t h e 3 r e e - f l i g h t  t r a j e c t o r i e s  between two terminal  

points  i n  space by using the hodog&pb m e t h o a i s  presented. 
i s  assumed i n  which the range angle and the terminal  dis tances  from the  f i e l d  
center  a r e  both a r b i t r a r y ,  and a l l  t h ree  possible types of the Keplerian tra- 
j e c t o r i e s ,  the e l l i p t i c ,  the parabolic,  and the  hyperbolic, a r e  considered. 
A s ing le  r ep resen ta t ion  of the i n f i n i t e l y  many such t r a j e c t o r i e s  i n  a dimen- 
s ion le s s  hodograph plane i s  introduced, and a general  survey of such t r a j e c -  
t o r y  system as seen from the hodograph i s  made. By using the hodograph geom- 
e t r y  the  c h a r a c t e r i s t i c s  of the conjugate t r a j e c t o r i e s  a r e  explored; and i n  
l i n e  with t h i s  t he  minimum energy t r a j e c t o r y  i s  b r i e f l y  reviewed. Besides, 
the exis tence of a l e a s t  eccen t r i c  t r a j e c t o r y  f o r  given terminal  points  i s  
proved, and i t s  c h a r a c t e r i s t i c s  b r i e f l y  analyzed. Several  s e t s  o f  general  
formulas f o r  the p r i n c i p a l  elements of such terminal-constrained t r a j e c t o r i e s  
a re  a l s o  presented, including some e x p l i c i t  expressions f o r  t he  terminal  path 
angles.  No particula:, t r a j e c t o r y  problems a r e  discussed; a s  a general  anal-  
y s i s ,  it i s  intended t o  provide some bas i s  f o r  the a n a l y t i c  t r e a t m e n t 6 f  such 
problems, e s p e c i a l l y  thoselof  t r a j e c t o r y  optimization and s e l e c t i o n  ifi- f r e e -  

A general  case 

- f l i g h t .  i 
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NOMENCLATURE 

a semimajor ax i s ,  e l l i p t i c  t r a j e c t o r y ;  o r  semitransverse axis ,  hyper- 
b o l i c  t r a j e c t o r y  

b semiminor axis ,  e l l i p t i c  t r a j e c t o r y ;  o r  semiconjugate ax i s ,  hyperbolic 
t r a j e c t o r y  

c focus-to-center dis tance,  conic o r b i t  

d base a l t i t u d e ,  the perpendicular distance from t h e  f i e l d  center  t o  the 
chord 

g g r a v i t a t i o n a l  acce le ra t ion  

h angular momentum per u n i t  mass 

k o r b i t a l  energy per u n i t  mass 

I chord l eng th  

M g r a v i t a t i n g  mass 

r radial  dis tance 

- r semilatus rectum 

s semi-perimeter of t he  base t r i a n g l e  

t time 

V speed 

3 v e l o c i t y  vector  

x,y rectangular  coordinates 

3,T rectangular  v e l o c i t y  coordinates 

+,$ dimensionless v e l o c i t y  coordinates =(h/cI) 2 ,  (h/$ 

ix 



NOMENCLATURF: (Continued) 

half  -angle between the  asymptotes, hyperbolic o r b i t ,  def ined i n  
Appendix A 

i n c l i n a t i o n  of the l i n e  of or ig ins ,  def ined i n  Figure lb 

e c c e n t r i c i t y  of t he  t r a j e c t o r y  

parameters, defined by  E q .  (31) 

t r u e  anomaly 

parameter, def ined by E q .  ( 5 2 )  

speed parameter = V/V* 

s t rength  of t he  g r a v i t y  f i e l d  = Mg 

Lamberts parameters, e l l i p t i c  t r a j e c t o r y ,  def ined i n  Appendix B 

Lamberts parameters, hyperbolic t r a j e c t o r y ,  def ined i n  Appendix B 

period of e l l i p t i c  motion 

a u x i l i a r y  angle,  defined i n  Figures ?- l ,2 ,3  

path angle with respec t  t o  l o c a l  horizon 

base angle, t he  i n t e r i o r  angle of t he  base t r i a n g l e  a t  t he  terminal  
point 

vertex angle, the i n t e r i o r  angle of t he  base t r i a n g l e  a t  the f i e l d  
center, or t he  range angle of t he  normal t r a j e c t o r y  

range angle of the complementary t r a j e c t o r y  = 2n-JI 

auxi l ia ry  angle, def ined i n  Figure 3 

Subs C r i R t  S 

1 i n i t i a l  terminal 

2 f i n a l  terminal  

X 
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I. INTRODUCTION 

In  r ecen t  years the problems of o r b i t a l  t r a n s f e r  have been under exten- 
s ive  study; i n  the meantime, following t h e  emergence of long-range mis s i l e s ,  
b a l l i s t i c  ana lys i s  has extended from a r t i l l e r y  t r a j e c t o r i e s  t o  space t r a j e c -  
t o r i e s .  I n  essence the  f r e e - f l i g h t  t r a j e c t o r i e s  being d e a l t  with i n  both 
c l a s ses  of problems a re  the same, a l l  belong t o  the so -ca l l ed  Keplerian conics. 
In  b a l l i s t i c  ana lys i s ,  usual ly  the e l l i p t i c  t r a j e c t o r i e s  a r e  the focus of 
a t t e n t i o n ,  and most analyses emphasize the symmetrical case, t h a t  i s ,  the.  
two terminal  points  a r e  assumed t o  be e q u i d i s t a n t  from the  center  of the 
g rav i ty  f i e l d ,  l eav ing  the c l a s s  of parabolic o r  hyperbolic t r a j e c t o r i e s ,  and 
the unsymmetrical case e i t h e r  ignored or barely touched. In  o r b i t a l  t r a n s -  
f e r  problems such as  those i n  interplanetary f l i g h t ,  more v a r i e t i e s  i n  the 
type of t r a j e c t o r y  and terminal conditions a re  encountered; however, most 
s tud ie s  were i n  the a rea  of optimization r a the r  than i n  the  c h a r a c t e r i s t i c s  
of the possible  t r a n s f e r  t r a j e c t o r i e s  themselves. Furthermore, despi te  the 
f a c t  t h a t  the mechanics of Keplerian motion has been wel l  known and amenable 
t o  complete ana lys i s ,  c h a r a c t e r i s t i c s  of Keplerian t r a j e c t o r i e s ,  e spec ia l ly  
those under terminal  cons t r a in t s ,  have not been f u l l y  explored; and the ex- 
i s t i n g  t r a j e c t o r y  formulas are  not a l l  adequate. 

I n  view of t h i s  s i t u a t i o n  a u n i f i e d  treatment of the f r e e - f l i g h t  t r a j e c -  
t o r i e s  of a l l  t h ree  types of the Keplerian conics between two a r b i t r a r y  t e r -  
minal points  i n  space i s  presented s o  as to  provide a b a s i s  f o r  f u r t h e r  anal-  
y s i s  and s e l e c t i o n  of p a r t i c u l a r  t r a j e c t o r i e s  i n  e i t h e r  c l a s s  of problems, the 
b a l l i s t i c  mi s s i l e  f l i g h t  or the  o r b i t a l  t r a n s f e r ,  o r  any relevant  ones i n  
which such t r a j e c t o r i e s  are involved (such as s a t e l l i t e  rendezvous and bal-  
l i s t i c  r e t u r n ) .  
sitmteed on given o r b i t s  or not i s  Lmate r i a l .  

A s  a basic  ana lys i s ,  whether t hese  terminal  po in t s  a r e  

Throughout t h i s  paper i n s t ead  of using the  Wheelon's h i t  equation4 a s  
usua l ly  employed, the treatment i s  made mainly by the hodograph method, which 
i s  not only s u i t a b l e  f o r  such un i f i ed  treatment, but  a l s o  helps t o  b r i n g  out 
many e s s e n t i a l  f ea tu re s  of such system of co-terminal t r a j e c t o r i e s  by by- 
passing many mathematical complexities through the geometrical approach i n  
the hodograph plane.  The r e s u l t s  of such ana lys i s  a l s o  l ead  t o  s eve ra l  s e t s  
of general  formulas f o r  the elements of  such t r a j e c t o r i e s  which might supple- 
ment t he  e x i s t i n g  ones. Such hodograph method i s  based on the au tho r ' s  pre- 
vious work contained mainly i n  Ref. 8, some e s s e n t i a l  ma te r i a l s  OS whlch a r e  
condensed i n  Appendix A f o r  reference.  

1 
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11. HODOGRAPHIC REPREXENTATION AND GENERAL SURVEY OF 
THE SYSTEM 03' CO-TERMINAL TRAJECTORSES 

"ERAL CONSIDERATIONS 

In  a c e n t r a l  force f i e l d  a l l  f r e e - f l i g h t  t r a j e c t o r i e s  passing through two 
f i x e d  terminal points ,  Q1 and &2 w i l l  l i e  i n  the same plane determined by the 
three  points Q1, Q2, and the  f i e l d  center  0 .  The t r i a n g l e  OQ1Q2 w i l l  be ca l l ed  
the  base t r i ang le ;  the base Q1&, the  ehord;and the  i n t e r i o r  angle a t  0, the  
ver tex angle. The i n i t i a l  ve loc i ty  vec tor  t o  achieve such t r a j e c t o r y  w i l l  
necessar i ly  be coplanar w i t h  the  base t r i a n g l e ,  while e i t h e r  i t s  magnitude o r  
i t s  d i rec t ion  i n  the t r a j e c t o r y  plane may be a r b i t r a r y .  Thus i n  a given force  
f i e l d  the geometry of the  base t r i a n g l e  toge ther  w i t h  the i n i t i a l  speed o r  the  
i n i t i a l  path angle completely determine the  t r a j e c t o r y .  If the  f i e l d  is  New- 
tonian,  then the  t r a j e c t o r y  i s  known a s  Kepleriqn, which w i l l  be e l l i p t i c ,  
parabolic,  or hyperbolic according as t he  i n i t i a l  speed parameter AI i s  smaller  
than, equal to ,  o r  g rea t e r  than uni ty ,  where by de f in i t i on ,  

V - - a  
V A = - - - -  

A t yp ica l  base t r i a n g l e  and seve ra l  such Keplerian t r a j e c t o r i e s  a re  depicted 
i n  Figure 1( a ) .  
has been analyzed t o  some d e t a i l  by Bat t in .3  The purpose of t h i s  s e c t i o n  is  
t o  represent  such system i n  the  hodograph plane so a s  t o  form the  b a s i s  f o r  
subsequent ana lys i s .  

The geometry of such t r a j e c t o r y  system i n  the  phys ica l  plane 

It is  t o  be noted tha t ,  wi th two given terminals ,  a vehicle  s t a r t i n g  
from one terminal  may reach the o ther  i n  e i t h e r  d i r e c t i o n  around the  f i e l d  
center .  
groups: 
is less than 1, and the o ther  w i t h  a common range angle 9' = 2 x 4  which i s  
g rea t e r  than n. The f i r s t  group i s  usua l ly  the  one of i n t e r e s t  i n  most prac- 
t i c a l  problems, and w i l l  be c a l l e d  the  normal group, while the  second, i t s  
complement. I n  f a c t  each member of one group w i l l  f i nd  i t s  complement i n  the  
other ,  the two forming a complete Keplerian conic .  However, i f  t he  t r a j e c -  
t o r y  is parabolic or hyperbolic, then  i t s  complement, being open between the  
terminals,  can hardly be regarded a s  a t r a j e c t o r y  i n  the ordinary sense,  and 
w i l l  be r e fe r r ed  t o  a s  an u n r e a l i s t i c  t r a j e c t o r y  f o r  convenience. 
following the  main ana lys i s  w i l l  be concerned with the  t r a j e c t o r y  system of 
the  normal group with $f < n. However, a s  we w i l l  see, the  informations so 
obtained may be e a s i l y  adapted t o  i t s  complementary group i f  needed. 
boundary case of Jr = n w i l l  be t r e a t e d  sepa ra t e ly  l a t e r .  

Thus the  system of co-terminal t r a j e c t o r i e s  may be divided i n t o  two 
t h e  one with a common range angle equal  t o  the  ver tex  angle 9 which 

I n  the  

The 



Q, .- E' 

I- 

t--0a 

a, 
C 
0 - a 
E a 

0, 
0 
-0 
0 

v) 
u) 
a, 
C 
0 
u) 
C 

2 

r 

- 
.- 

.- i! 
a 
9 
n 

U 

a, 
C 
0 - a - 
0 u 
v) 
>\ r 

.- 

a 
h 

0 
U 

3 



THE HODOGRAPHIC REPWSENTATION 

Based on the p r inc ip l e  of hodographic representation* it i s  c l e a r  t h a t  
a l l  such Keplerian conics a r e  represented i n  the dimensionless 2 9 - p l a n e  by 
a u n i t  c i r c l e ,  and the images of a l l  t he  co-terminal t r a j e c t o r i e s  of a common 
range angle JI a re  given by the same a r c  of t h i s  c i r c l e ,  subtending a c e n t r a l  
angle JI between t h e  r a d i i  &l and which a re  90" i n  advance ( i n  the d i r ec -  
t i o n  of motion) t o  t h e  radius  vectors  OQ1, OQ i n  t h e  phys ica l  plane r e -  
spect ively (Figure 
the images of the terminal po in t s .  To complete the construct ion of such hodo- 
graph one merely needs t o  loca t e  the  o r i g i n  of the hodograph f o r  each p a r t i c -  
u l a r  t r a j e c t o r y  under considerat ion.  

. A d  

l ( b ) ) ;  the points  Q 1  and Q 2  on the c i r c l e  a r e  therefore  

A t  f i r s t  s i g h t  it seems the re  might be a wide s c a t t e r i n g  of such possi-  
b l e  or igins  i n  the  hodograph plane corresponding t o  the i n f i n i t e l y  many possi-  
b l e  Keplerian t r a j e c t o r i e s  l ead ing  from Q 1  t o  Q 2  through the  same range angle 
J r .  However, a c a r e f u l  ana lys i s  shows t h a t  the d i s t r i b u t i o n  of such o r i g i n s  
i s  l i n e a r .  The proof i s  a s  follows: 

With reference t o  Figure 2 and the  p r inc ip l e s  given i n  Ref. 8 ,  the 
hodograph o r i g i n  of the t r a j e c t o r y  with an a r b i t r a r y  i n i t i a l  speed parameter 
h l ,  and the  corresponding f i n a l  speed parameter h2 w i l l  l i e  on both the auxi l -  
i a r y  c i r c l e s  ( c a l l e d  speed c i r c l e s )  with r a d i i  h l  and h2, tangent i n t e r n a l l y  
t o  the  u n i t  hodograph c i r c l e  a t  Q1 and & r e spec t ive ly  and the re fo re  a t  t h e i r  
i n t e r sec t ion  % o r  011, the two speed parameters hl and h2 being connected by 

2 2 

through the  energy i n t e g r a l .  
c i r c l e  a t  Q1 and Q 2  respect ively,  i n t e r s e c t i n g  a t  T .  
01011, T Q l  and TQ2 are  the radical axes of the two speed c i r c l e s  and the hodo- 
graph c i r c l e  taken i n  pa i r s ,  therefore ,  they a r e  concurrent."" 
l i n e  01011 a l s o  passes through the point  T .  
l i n e  01011 is  perpendicular t o  the l i n e  of centers  G l G 2 .  But, a s  shown i n  
Ref. 8 
s ince the t r i a n g l e s  CG1G2 (hodograph plane) and OQ1Q2 (phys i ca l  plane) a r e  
s imi l a r .  With terminals  
Q1 and & given, T i s  a f i x e d  point ,  and the  chord Q 1 Q 2  i s  i n  a f ixed  direc-  
t i o n ,  thus the l i n e  through 01011 i s  a f ixed  s t r a i g h t  l i n e ,  i r r e s p e c t i v e  of 
the i n i t i a l  speed given by h l .  I n  o t h e r  words, t he  i n t e r s e c t i o n  of any p a i r  
of speed c i r c l e s ,  and therefore  a l l  t h e  possible hodograph o r i g i n s  w i l l  l i e  

Now draw the  l i n e s  tangent t o  the  hodograph 
Then the th ree  l i n e s  

That is ,  the 
Furthermore, from geometry the 

the l i n e  G 1 G 2  i s  perpendicular t o  the chordQ1Q2 i n  the  physical  plane 

Consequently 01011 i s  p a r a l l e l  t o  the chord QlQ2. 

*See Appendix A and Ref. 8 Section V and I X - A ,  pp. 892-894, 900-904. 
**See any standard t e x t  on Higher Geometry, e .g .  Ref. 2.  

4 
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on t h i s  same l i n e  which w i l l  be c a l l e d  the l i n e  of o r i g i n s .  This completes 
t h e  proof. It evident ly  appl ies  t o  e i t h e r  groups. 

Based on the foregoing ana lys i s  t he  hodograph images of a l l  co-terminal 
t r a j e c t o r i e s  of one group may be represented i n  the dimensionless hodograph 
plane by a u n i t  c i r c u l a r  a r c  together  with the s t r a i g h t  l i n e  which passes 
through the i n t e r s e c t i o n  of the tangents t o  the u n i t  c i r c l e  a t  Q1 and Q2, and 
i s  p a r a l l e l  t o  the chord Q1Q2 i n  the physical  plane, as  shown i n  Figure l ( b ) .  
Each par t icu lar  point on t h i s  l i n e  corresponds t o  a p a r t i c u l a r  t r a j e c t o r y  i n  
the physical plane, and the s e l e c t i o n  of an optimum t r a j e c t o r y  t o  s u i t  some 
spec i f i c  purpose i s  no more than the  s e l e c t i o n  of a c e r t a i n  p a r t i c u l a r  point  
on t h i s  l i n e .  Thus i n  comparison with the  complexity of the t r a j e c t o r y  geom- 
e t r y  i n  the physical plane the s i t u a t i o n  i n  the hodograph plane i s  f a r  sim- 
p l e r .  

It i s  worth t o  note t h a t ,  t he  hodograph f o r  the complementary group may 
be obtained by turn ing  t h a t  f o r  t he  normal group through 180". 
t i o n s  concerning the former may be obtained d i r e c t l y  from the hodograph f o r  
the l a t t e r ,  and a separate  construct ion f o r  the complementary group i s  o f t e n  
unnecessary. Besides, a s  t he  geometry of the hodograph shows, the angles be- 
tween the l i n e  of o r i g i n s  and the two tangents TQl and TQ2 a r e  equal  t o  the 
base angles471 and 9 2  of the base t r i a n g l e  a t  Q1 and Q2 respect ively,  and 
the inc l ina t ion  of the l i n e  of or ig ins  with the center l ine  CT i s  given by 

Thus informa- 

(3 )  6 = - 1 (472- 101) 
2 

> < 
< whence 6 = 0 according a s  pi e, y32 o r  r l  $ r2. 

A CXNERAL SURVEY 

Based on the foregoing hodographic representat ion we may now make a gen- 
e r a l  survey on the nature of the system of the co-terminal Keplerian t r a j e c -  
t o r i e s  associated with an a r b i t r a r y  base t r i a n g l e  I 

the normal group. 
We w i l l  f i r s t  consider 

A s  seen from the hodograph construction, f o r  a given base t r i a n g l e ,  
t he re  i s  an i n i t i a l  speed f o r  which the speed c i r c l e  w i l l  tangent t o  the l i n e  
of or igins .  
t r a j e c t o r y  i s  possible.  The t r a j e c t o r y  corresponding t o  the minimum speed i s  
known as the  minimum energy t ra jec tory ;  i t s  hodograph o r i g i n  i s  given by the 
point  of tangency 0,. 

This i s  the minimum speed below which no such terminal-to-terminal 

When the i n i t i a l  speed exceeds i t s  minimum value, the speed c i r c l e  w i l l  
meet t h e  l i n e  of or ig ins  i n  two d i s t i n c t  points  such a s  01 and 011 i n  Figure 2, 

6 

14 



giving two d i s t i n c t  t r a j e c t o r i e s  corresponding t o  the same i n i t i a l  speed. 
Such t r a j e c t o r i e s  w i l l  be r e fe r r ed  t o  a s  the conjugate t r a j e c t o r i e s  f o r  short ,  
and the corresponding o r ig ins ,  01 and 011, t he  conjugate o r i g i n s .  A s  the 
hodograph shows, conjugate t r a j e c t o r i e s  have d i f f e r e n t  i n i t i a l  path angles:  
the one with the  low path angle as  t h a t  associated with 01 i s  known as  the  
low t r a j e c t o r y ;  and the  one with the  high path angle a s  t h a t  associated with 
011, t he  high t r a j e c t o r y .  
c a l l e d  low and high accordingly. 

For b r e v i t y  the corresponding o r ig ins  w i l l  a l s o  be 

With reference t o  Figure 2, when the i n i t i a l  speed parameter i s  l e s s  
than unity,  the o r i g i n  i s  within the hodograph c i r c l e ,  and the  t r a j e c t o r y  
i s  e l l i p t i c .  A s  the i n i t i a l  speed increases from i t s  minimum value, the con- 
jugate o r ig ins  01 and 011 move toward the  points  DI and DII r e spec t ive ly .  A t  
the points  DI and DII the  speed parameter is  1, both t r a j e c t o r i e s  become para- 
b o l i c ,  However, it i s  t o  be noted t h a t ,  of t h i s  conjugate parabolic p a i r  t he  
high one with i t s  hodograph o r i g i n  a t  DII w i l l  have i t s  point  a t  i n f i n i t y  
(which has DII a s  i t s  hodograph image) interposed between t h e  terminals Q1 

and Q i n  t he  assumed d i r e c t i o n  of motion, i n d i c a t i n g  t h a t  such a t r a j e c t o r y  
i s  physical ly  u n r e a l i s t i c .  This i s  i n  f ac t  t he  l i m i t i n g  t r a j e c t o r y  which the 
high e l l i p t i c  t r a j e c t o r i e s  approach when the i n i t i a l  speed approaches t h a t  of 
escape. A s  the  i n i t i a l  speed f u r t h e r  increases,  t he  conjugate o r ig ins  move 
from DI and DII outward respect ively,  and the t r a j e c t o r i e s  become h n e r b o l i c .  
On the  low t r a j e c t o r y  s ide  as the o r i g i n  moves outward from DI toward i n f i n i t y ,  
the e c c e n t r i c i t y  increases  without bound, the t r a j e c t o r y  approaches the chord 
l i n e ,  and i n  the l i m i t  it degenerates i n to  t h e  chord Q1Q2. This i s  of  course 
physical ly  impossible s ince it requ i r e s  an i n f i n i t e  i n i t i a l  speed. On the  
high s ide,  as the  o r i g i n  moves outward f r o m  DII toward the point  T, the  ec- 
c e n t r i c i t y  increases  toward CT as i t s  l imi t ,  and the two asymptotes of t he  
t r a j e c t o r y  hyperbola approach the r a d i i  OQl and o& i n  the physical plane r e -  
spec t ive ly .  However, j u s t  l i k e  the parabolic case, these high hyperbolic 
t r a j e c t o r i e s  a r e  u n r e a l i s t i c  since t h e i r  points a t  i n f i n i t y  a re  interposed 
between the  terminal  po in t s .  I n  t h e  l i m i t  when the o r i g i n  i s  a t  T, t he  t ra-  
j e c t o r y  degenerates i n t o  the broken l i n e  segment &0&1 implying again an in- 
f i n i t e  i n i t i a l  speed, and thus the t r a j e c t o r y  i s  not only u n r e a l i s t i c  bu t  
a l s o  phys ica l ly  impossible. 
be the  f a r  branch of a hyperbola which can be r e a l i z e d  i n  a c e n t r a l  repuls ion 
f i e ld ,*  b u t  not i n  a g rav i ty  f i e l d .  
i n  Table 1. 

If the or igin moves beyond T, the t r a j e c t o r y  w i l l  

These var ious s i t u a t i o n s  a re  summarized 

‘Thus i n  conciusian, ?or a giveii base t r i a n g l e  ir, 8 !?el:!tnfiier! g rav i ty  fie1.d 
the l i n e  of o r i g i n s  i n  the dimensionless hodograph plane s t a r t s  from the point  
T and extends toward i n f i n i t y  i n  the  d i r e c t i o n  of the chord l i n e  (QlQ2) i n  the  
physical  plane; and the o r ig ins  of a l l  r e a l i s t i c  t r a j e c t o r i e s  l i e  i n  the open 
i n t e r v a l  from DI v i a  DII t o  i n f i n i t y .  Furthermore, t h e  conjugate o r ig ins  a re  

*See Ref. 8, Sect ion X, pp. 908-909. 
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Table 1 

Location of the Hodograph Origin and the  Nature of the 
Terminal--Constrained Tra j ec to ry  @ange = Jr < n) 

Remarks Location of the  Type of the 
HodoQTaDh Origin Tra.je c to ry  

Between O+ and DI e l l i p t i c  

Between OX and DII e l l i p t i c  

A t  O* 

A t  DI 

At D I I  

DI t o  i n f i n i t y  

D I I  t o  T 

A t  i n f i n i t y  

A t  T 

Beyond T 

e 11 i p t  i c  

parabol ic  

parab ol i c  

hyperbolic 

hyperbolic 

s t r a i g h t  l i n e  
( Q1Qj2 ) 

broken l i n e  
( b O Q 1 )  

hyperbolic 

low t r a j e c t o r y ,  r e a l i s t i c  

high t r a j e c t o r y ,  r e a l i s t i c  

minimum energy, r e a l i s t i c  

low t r a j e c t o r y ,  r e a l i s t i c  

high t r a j e c t o r y ,  u n r e a l i s t i c  

low t r a j e c t o r y ,  r e a l i s t i c  

high t r a j e c t o r y ,  u n r e a l i s t i c  

i n f i n i t e  speed, physical ly  i m -  
possible  

i n f i n i t e  speed, physical ly  im- 
possible  

r e a l i s t i c  i n  a c e n t r a l  repul- 
s ion  f i e l d ,  bu t  not i n  a 
g rav i ty  f i e l d  

separate  by the point  O+ w i t h  a l l  the low o r i g i n s  s i t u a t e d  a t  the r i g h t  s ide  
of O*, and a l l  the high o r ig ins ,  i t s  l e f t  s ide  (Figure 2) ;  t h u s  the  po in t s  i n  
the  i n t e r v a l  
while those i n  the i n t e r v a l s  DI t o  i n f i n i t y ,  and DII t o  T a r e  the  mutually 
conjugate hyperbolic o r ig ins ;  and the re  is one and only one p a i r  of conjugate 
parabolic o r ig ins ,  t he  points  DI and DII. 

O+DI and O+DII a r e  t he  mutually conjugate e l l i p t i c  o r ig ins ;  

A l l  the foregoing f ind ings  f o r  a normal group may be e a s i l y  adapted t o  
i t s  complement if we note the following: 

1, The complement of a high t r a j e c t o r y  i n  one group i s  a low t r a j e c t o r y  
i n  the  other; 



2. An e l l i p t i c  t r a j e c t o r y  i n  one group and i t s  complement i n  the o the r  
a r e  both r e a l i s t i c ;  while t he  complement of a r e a l i s t i c  parabol ic  o r  hyper- 
b o l i c  t r a j e c t o r y  of one group i s  u n r e a l i s t i c  i n  the  o the r .  

Thus by interchanging t h e  words "high" and "low," and, when a parabolic or a 
hyperbolic t r a j e c t o r y  i s  concerned, interchanging t h e  words r e a l i s t i c  and m- 
r e a l i s t i c ,  a similar t a b l e  f o r  the complementary group may be constructed from 
Table 1. For t h e  b e n e f i t  of l a t e r  development it i s  a l s o  worth t o  note the 
following a d d i t i o n a l  r e l a t i o n s  between a t r a j e c t o r y  ( r e a l i s t i c  o r  u n r e a l i s t i c )  
and i t s  complement: 

3 .  A l l  geometrical elements of the two a r e  i d e n t i c a l  s ince they a r e  of 
the same Keplerian conic; 

4. A l l  terminal  q u a n t i t i e s  which involve d i r e c t i o n s  a r e  equal  i n  mag- 
nitude b u t  opposite i n  sign, e .g .  

I n  the l i g h t  of t he  foregoing analysis  w e  see t h a t  i n  the physical plane 
(Figure 3 ( a ) )  the e l l i p t i c  t r a j e c t o r i e s  of t he  normal group a r e  a l l  confined 
i n  the  i n f i n i t e  region ( A ) ,  while the r e a l i s t i c  hyperbolic t r a j e c t o r i e s  of t he  
same group a r e  a l l  confined i n  the f i n i t e  region ( B )  . Similar ly ,  e l l i p t i c  
t r a j e c t o r i e s  and the  r e a l i s t i c  hyperbolic t r a j e c t o r i e s  of the complementary 
group a r e  a l l  confined i n  the regions ( A ' )  and ( B ' )  r e spec t ive ly .  The two 
conjugate parabolas and the th ree  s ides  of t he  base t r i a n g l e  form the  bound- 
a r i e s  of these regions a s  shown i n  Figure 3 ( a ) .  Consequently, the t r a j e c -  
t o r i e s  of both groups a s soc ia t ed  with a f ixed base t r i a n g l e  a l l  l i e  outside 
t h i s  t r i a n g l e ;  and the boundary of t h i s  t r i a n g l e  form the  l i m i t i n g  t r a j e c -  
t o r i e s  when the  speed increases  indefini te ly ."  

LIMITS OF VARIATION OF THE TRAJECTORY EUMEWS 

It i s  i n t e r e s t i n g  t o  note t h a t ,  o f  the i n f i n i t e l y  many Keplerian t r a j e c -  
t o r i e s  a s soc ia t ed  with a given base t r i ang le  the re  e x i s t  c e r t a i n  l i m i t s  f o r  
t he  possible  v a r i a t i o n s  of some of the t r a j e c t o r y  elements. 
known and pointed out  e a r l i e r ,  t he re  is a minimum value f o r  the i n i t i a l  t e r -  
minal speed below which no such t r a j e c t o r y  i s  possible .  Consequently the re  
a r e  corresponding limits f o r  t he  o r b i t a l  energy, major ax i s ,  and the f i n a l  
terminal  speed r e spec t ive ly .  
e x i s t s  a l s o  a l e a s t  e c c e n t r i c i t y  which the t r a j e c t o r y  can a t t a i n .  

A s  general ly  

An examination of the hodograph shows t h a t  t he re  
It is given 

*It can be shown t h a t  the t r a j e c t o r i e s  w i l l  a l l  l i e  within the base t r i a n g l e  
i f  t he  f i e l d  i s  a c e n t r a l  repulsive one. 
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- 
by the  perpendicular dis tance CE i n  Figure 3(d)  s ince  the  e c c e n t r i c i t y  is a l -  
ways equal  t o  the  or ig in- to-center  distance i n  the  hodograph plane ( see  Appendix 
A ) .  Direc t ly  from t h e  geometry of t he  hodograph one f i n d s  

vhich, a f t e r  some t r igonometr ic  s impl i f ica t ions ,  reduces t o  

where m is  def ined by 

Thus a c i r c u l a r  t r a j e c t o r y  i s  possible  only when 11 = r2 and the grea te r  the 
numerical d i f fe rence  between the  terminal  dis tances ,  the  g rea t e r  w i l l  be the  
l e a s t  eccen t r i c i ty ,  f o r  a given chord length.  

A s  observed e a r l i e r ,  when the  i n i t i a l  speed increases  i n d e f i n i t e l y  the  
e c c e n t r i c i t y  of the  r e a l i s t i c  t r a j e c t o r i e s  of  the  no rm1  group - increases  with- 
out  bound while t h a t  
f o r  such group the re  

of the  complementary group approaches a s  l i m i t .  Thus 
is  an upper limit for  t h e  hyperbolic e c c e n t r i c i t y  

$ 
E ~ L  = CT = sec  - 

2 

- 
(7)  

which depends only on t h e  ver tex  angle of t he  base t r i ang le ,  not  on the  t e r -  
minal d i s tances .  T h i s  l imi t ing  value i t s e l f  w i l l  a p p r ~ a c h  i z f i n i t y  vhen 
approaches n. 

Furthermore, t h e  hodograph shows t ha t  although the  i n i t i a l  speed may in-  
crease inde f in i t e ly ,  the  corresponding path angle can only vary within two 
d e f i n i t e  l i m i t s .  For t h e  normal group t h e  upper limit i s  given by the  angle 
CQlDI- which t h e  i n i t i a l  path angle of the high e l l i p t i c  t r a j e c t o r y  approaches 
when t h e  i n i t i a l  speed approaches parabolic. From the  hodograph geometry t h i s  
angle is  found t o  be 
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where, 

-1 Jl-nL -1 = cos E m i n  = cos m ( 9 )  

The lower l i m i t  is  the  pa th  angle f o r  t he  s t r a i g h t  l i n e  t r a j e c t o r y  Q1Q2 which 
the  hyperbolic t r a j e c t o r y  approaches. Obviously it i s  

Consequently a l l  possible d i rec t ions  of departure a re  confined i n  the angular 
region ( a l )  as shown i n  Figure 3(b) ,  with an included angle 

The p a t h  angle a t  t h e  f i n a l  terminal  i s  l ikewise l imited,  and a l l  the possible  
direct ions of approach are  confined i n  t h e  angular regions (82) i n  Figure 3(b)  
Similar  regions e x i s t  f o r  the  complementary group. Consequently, with a 
given configuration aP the  base t r iangle ,  there  a r e  c e r t a i n  forbidden regions 
f o r  t h e  d i rec t ion  of departure as those marked ( b l )  and ( c l ) ;  and c e r t a i n  for -  
bidden regions f o r  the d i r e c t i o n  of approach as those marked (b2)  and ( c e ) .  
These limits of v a r i a t i o n  and the t o t a l  included angle of each region a r e  
l i s t e d  in Table 2. It i s  t o  be noted t h a t ,  as shown i n  the  table ,  the regions 
fo r  possible departure f o r  the  normal and the complementary groups have equal 
included angles, and it can a l s o  be v e r i f i e d  from the hodograph t h a t  they a r e  
symmetrically or ien ted  with respect  t o  the b i s e c t o r  of the  base angle a t  t h e  
i n i t i a l  terminal; the  same is  t r u e  f o r  the regions of possible  approach a t  
the  f i n a l  terminal.  Furthermore, the  included angle of the  inner  forbidden 
region of departure ( c1 )  and t h a t  of the  outer forbidden region of approach 
(b2) are equal  respec t ive ly  t o  t h e  base angles a t  the corresponding terminals;  
while the included angles of t h e  outer  forbidden region of departure ( b l )  and 
the inner forbidden region of approach ( c2) are supplementary t o  each other .  
I n  view of Eq. ( 5 )  and Table 2, we may say  t h a t  f o r  a given ver tex angle $, 
the  smaller the difference between the  base angles, t h e  l a r g e r  w i l l  be the  
outer  forbidden region of departure and t h e  smaller w i l l  be the  inner f o r -  
bidden region of approach. I n  the  symmetrical case, P1 = P2, rl = r2, 

the  included angle of the  outer  forbidden region of departure reaches i t s  max- 
imum and t h a t  of the inner forbidden region of approach reaches .its minimum, 
both equal t o  90". 
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TraJe c t o r i e  s 

E l l i p t i c  

Final ly  we observe t h a t  the a p s i d a l  axes of the present system of t r a j e c -  
(see a l s o  Fig- t o r i e s  are a l s o  confined i n  c e r t a i n  regions a s  t abu la t ed  below 

ure 3 ( c ) > .  

Boundary Axes 

OXDI and OXDII 

Table 3 

Complementary Group 

Regions f o r  Apsidal Axes (Pos i t i ve  Portions*) 

O X D I I  and oxcoII 

Hyperbolic 
Normal Group 

Included An l e  

Of the four  boundary axes, OXDI and OXDII a r e  the a p s i d a l  axes of the two para- 
b o l i c  t r a j e c t o r i e s ,  while 0x001 and O b 1 1  a r e  those of t he  l i m i t i n g  hyperbolic 
t r a j e c t o r i e s  of i n f i n i t e  i n i t i a l  speed. Their  d i r e c t i o n s  may be obtained d i -  
r e c t l y  from those of the corresponding 2 - a x e s  i n  the hodograph plane. 
0LI i s  perpendicular t o  the chord Q1Q2, and OXDII b i s e c t s  t he  ver tex angle 9. 

Evidently, 



111. THE CHORDAL AND RADIAL COMPONENTS OF TKE TERMINAL VELOCITIES 

The c h a r a c t e r i s t i c s  of the co-terminal t r a j e c t o r i e s  can be b e s t  analyzed by 
using the chordal and r a d i a l  components of t h e  terminal  v e l o c i t i e s .  A s  in-  
troduced by Godal i n  Ref. 5 they a r e  the components i n  the  chordal and r a d i a l  
d i r ec t ions  r e spec t ive ly  as  depicted i n  Figure 4 ( a ) .  A method of f ind ing  such 
components i n  the hodograph w i l l  be introduced below. 

As shown i n  Figure 4 (b ) ,  if 0 i s  the or igin of the hodograph, then from the 

Thus 
proof given i n  Section 11, TO i s  i n  the chordal d i r ec t ion ,  while by construc- 
t i o n  TQl and TQ2 a re  i n  the r a d i a l  direct ions a t  Q1 and Q2 respect ively.  
i n  t h e  kj.-plane, t h a t  i s ,  i f  we t ake  t h e  radius of t h e  hodograph c i r c l e  as 
v/h instead of un i ty ,  t h e  hodograph gives t h e  terminal  v e l o c i t i e s  

with t h e i r  chordal and r a d i a l  components 

a A 2 --L 

Vc2 = OT, 'R2 = TQ2 

from which we deduce immediately t h a t  

- - 
The second r e l a t i o n  stems from the f a c t  t ha t  the two tangents TQ1 and TQ2 a r e  
equal  ir; l eng th .  Th7us along t.he same t r a j e c t o r y  the chordal components of 
the terminal  v e l o c i t i e s  a re  i d e n t i c a l  i n  magnitude and d i r ec t ion ,  while the 
r a d i a l  components a r e  equal i n  magnitude. 
magnitudes only, the subscr ipts  1 and 2 are unnecessary and w i l l  be dropped 
h e r e a f t e r .  

Hence i f  we a r e  deal ing w i t h  t h e i r  

Furthermore , the  hodograph geometry shows t h a t  

!+! - 
vR = CQ t a n  L = Q t a n  P h 2 

With the  angular momentum expressed a s  

h = VCd 
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where d i s  t h e  perpendicular d i s tance  from t h e  f i e l d  center  t o  the  chord Q1Q2 
( t o  be c a l l e d  the  base a l t i t u d e  f o r  sho r t ) ,  Eq .  (15) becomes 

VCVR = tan !+L 
2 

Thus the  product of the  chordal and r a d i a l  components of e i t h e r  terminal  veloc- 
i t y  i s  constant  for a l l  t r a j e c t o r i e s  passing through the  given terminal  po in ts .  

5 The f a c t s  expressed i n  E q s .  (14) and (17) which were f i r s t  found by Godal 
i n  h i s  ana lys i s  i n  the  physical  plane, follow immediately from the  present  
hodograph construct ion.  
t h a t  follow . 

These simple r e l a t ions  w i l l  be use fu l  i n  the  analyses 



I V .  CHARACTERISTICS OF THE CONJUGATE TRAJECTORIES 

By def in i t ion ,  conjugate t r a j e c t o r i e s  a r e  those having the same i n i t i a l  
and f i n a l  terminal  points ,  same i n i t i a l  speed, and of the  same group. (This  
implies t h a t  they  have the  same range angle . )  The proof of the ex is tence  of 
the  l i n e  of o r ig ins  has a l ready  revealed the  ex is tence  of a p a i r  of conjugate 
t r a j e c t o r i e s  f o r  a given base t r i a n g l e  and an a r b i t r a r y  i n i t i a l  speed (>V,), 
and lends i t s e l f  a method of cons t ruc t ing  such a conjugate p a i r  i n  t h e  hodo- 
graph plane by simply drawing t h e  speed c i r c l e  of rad ius  h12 according t o  t h e  
given speed and f ind ing  i t s  in t e r sec t ions  with t h e  l i n e  of o r ig ins ,  which a re  
then t h e  conjugate o r ig ins .  With t h e  o r i g i n s  thus  determined t h e  elements 
of each of t h e  conjugate p a i r  may then  be found i n  t h e  usua l  manner accord- 
ing t o  t h e  c o r r e l a t i o n  t a b l e s  i n  Ref. 8, or  Appendix A. The genera l  geometry 
of such a hodograph i s  shown i n  Figure 2; and a t y p i c a l  conjugate p a i r  of 
each type of t h e  Keplerian t r a j e c t o r i e s  of a normal group and t h e i r  hodograph 
images are shown i n  Figures 5-1, 2, and 3. 

Based on such hodographic representa t ion  we may now proceed t o  examine 
some of the e s s e n t i a l  f ea tu re s  of t he  conjugate t r a j e c t o r i e s .  With reference 
t o  Figure 2 the  geometry of the  hodograph gives 

However, i n  a dimensionless hodograph we have by d e f i n i t i o n  

and furthermore, from the  hodograph geometry, 

L ( 2 0 )  
L - 

- TQ2 = t a n  
2 

T Q l  - 

Subs t i tu t ing  Eqs. ( 1 9 )  and (20) i n t o  (18) and making use of Eq. (16) y i e lds  

k (21) 
2 

v C I ' V C I I  = v R I * v R I I  = i~ t a n  
d 



Thus f o r  f ixed  te rmina l  po in ts  t h e  product of the conjugate chordal  components 
of  t h e  te rmina l  ve loc i ty  and t h a t  of the  conjugate radial  components are iden- 
tical, both  equal t o  t h e  same cons tan t ,  determined by the geometry of t h e  
base t r i a n g l e .  

Eurthermore, combining E q s .  (21) and (17) gives the  r ec ip roca l  r e l a t ions ,  

'CI = 'RII' 'RI = ' C I I  

That i s ,  by merely interchanging the  chordal and r a d i a l  components of t he  
ve loc i ty  a t  e i t h e r  terminal  we may change the t r a j e c t o r y  t o  i t s  conjugate.  

Next, s ince  the  angular momentum i s  d i r e c t l y  propor t iona l  t o  the  terminal  
chordal component, it follows immediately from E q s .  (21)  and (16) t h a t  the  
conjugate angular momenta a re  r e l a t e d  by 

h I - h I I  = pd t a n  I! 
2 

Furthermore, a s  t he  l a t u s  rectum 
angular momentum according t o  

E q .  (23)  leads  t o  

of the  t r a j ec to ry  conic i s  determined by the  

- -  
- d2 tan2 I! 

rI*rII - 2 

The above equations show t h a t  i n  a given g rav i ty  f i e l d  the  product of 
each p a i r  of the  conjugate elements, Vc, VR, h, and r, i s  a constant ,  depending 
on t h e  geometry of the  base t r i ang le ,  b u t  independent of the  i n i t i a l  speed, and 
hence the  choice of t r a j e c t o r y .  
i s  a l s o  independent of the f i e l d  s t r eng th  p. Furthermore, as these  products 
involve no o the r  geometrical  parameters t h a n  JI and d ,  base t r i a n g l e s  of  d i f -  
f e r e n t  conf igura t ions  will have t h e  same values of t hese  conjugate products 
as long as they  have t h e  same ver tex  angle and t h e  same base a l t i t u d e .  

I n  t h e  case of the product of l a t u s  r e c t a  it 

F i n a l l y  a s  shown i n  Figures  5 the hodograph gives the  conjugate path angles 
a t  the i n i t i a l  terminal  Q1 f o r  e i t h e r  type of the t r a j e c t o r y ,  

19 
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~ A -  

I 
Based on t h e  s ign  convention for the angular measurement of # and the  geometry 
of the hodograph (Figure 7-1) it i s  seen that ,  for an e l l i p t i c  t r a j e c t o r y ,  

By the  s i m i l a r i t y  of the t r i a n g l e s  C G l G 2  i n  the  hodograph plane and OQIQ i n  
the  physical  plane, the angle C G l G z  may be i d e n t i f i e d  a s  t he  base angle pl; 
and by hodograph construct ion the angles O I G ~ G ~  and O I I G ~ G ~  a r e  equal i n  mag- 
ni tude,  denoted by Ol. Thus t h e  foregoing r e l a t i o n s  may be w r i t t e n  as 

1 
2 #11 = - (Vl-Ql) 

from which we deduce immediately 

(28-1) 

I Evidently,  s imi l a r  r e l a t i o n  holds a t  t he  f i n a l  terminal  Q2,  t h a t  i s  

d21 + #2II = Y 2 (28-2) 

An examination of the hodograph geometry f o r  the hyperbolic case (Figure 
5-2) shows t h a t  E q .  (27) a l s o  holds i f  we define 01 t o  be fi - L O I G l G 2 .  
d e f i n i t i o n s  f o r  01 become i d e n t i c a l  f o r  the parabol ic  case (Figure 5-3 )  i n  
which the points  G 1  and G 2  coincide a t  C 1  ( t h e  cen te r  of the hodograph c i r c l e ) ,  
and the  l i m i t i n g  d i r e c t i o n  of G1G2 i s  given by the l i n e  through C and perpen- 
d i c u l a r  t o  the l i n e  of o r i g i n s .  
hyperbolic and parabol ic  cases .  Thus i n  conclusion, the algebraic  sum of the 
conjugate path angles a t  e i t h e r  terminal  is equal  t o  the ver tex angle of the 
base t r i a n g l e  a t  t h a t  terminal .  Since f o r  f i x e d  terminal points ,  pl a n d p 2  
a r e  constants ,  we may say t h a t  the algebraic sum of t he  conjugate path angles 
a t  e i t h e r  terminal  i s  constant,  independent of the i n i t i a l  speed, hence the 
choice of t r a j e c t o r y .  This conclusion has been previously establ ished i n  t h e  
a u t h o r ' s  e a r l i e r  work7 f o r  t h e  symmetric, e l l i p t i c  case ,  t h e  present  analysis  
shows t h a t  it c a r r i e s  over t o  the general  case not necessa r i ly  symmetric, and 
covering a l l  t h ree  types of the Keplerian t r a j e c t o r i e s  even though the  high 
t r a j e c t o r y  i s  not r e a l i s t i c  i n  the hyperbolic o r  parabolic case.  

Both 

Consequently E q s .  (28 )  a r e  a l s o  v a l i d  for the 

23 



I n  addi t ion t o  the conjugate r e l a t i o n s  deduced s o  f a r ,  it i s  we l l  known 
t h a t  the conjugate t r a j e c t o r i e s ,  being of the same i n i t i a l  speed always have 
the same orb i t a l  energy, same magnitude of t he  major-axis, and the same speed 
a t  the f i n a l  terminal,  t h a t  is  

E q s .  ( 2 1 )  t o  ( 2 3 ) ,  (23))  (28) and (29) c o n s t i t u t e  the e s s e n t i a l  r e l a t i o n s  be- 
tween the conjugate t r a j e c t o r i e s .  

With the previous understanding ou t l ined  i n  Section I1 a l l  conjugate r e -  
l a t i o n s  i n  t h i s  s ec t ion  developed for a normal group hold f o r  i t s  complement 
except proper changes of s igns a re  needed In  the formulas involving path angles 
according t o  E q .  (IC). 
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. .  
V. THE PRINCIPAL EUMENTS OF THE CONJUGATE TRAJECTORIES 

I n  b a l l i s t i c  missi le  problems o r  problems of in te rp lane tary  f l i g h t  it i s  
usual ly  desirable t o  determine the  t ra jec tory  elements f o r  an a r b i t r a r y  i n i t i a l  
speed V1 when %he range angle '# and the terminal dis tances  r l  and r2 a r e  pre- 
scribed, t h a t  is  when the base t r i a n g l e  i s  given. The hodograph construct ion 
described i n  Section 111 has already provided a simple graphical means f o r  the 
determination of such e l e w n t s .  If ana ly t ica l  expressions a r e  sought, we may 
e a s i l y  proceed from the  geometry of the hodograph. 

A simple way f o r  such der ivat ion is again t o  s t a r t  from the chordal and 
r a d i a l  components of the  terminal veloci ty .  
t o r i e s  of t h e  normal group. 
i n i t i a l  speed VI these two components a re  re la ted  by 

L e t  us first consider the t r a j e c -  
As the  hodograph shows (Figure 4), f o r  a given 

Combining it with the constant product r e l a t i o n  (17) y ie lds  the  p a i r  of solu- 
t ions  

where the upper sign corresponds t o  the high t r a j e c t o r y  of t h e  conjugate pair 
and the  lower sign, the  low t r a j e c t o r y .  ( T h i s  double-sign convention w i l l  be 
followed through i n  all the  l a t e r  development. ) 

With the6e formulas as basis, other  t ra jec tory  elements follow immediately 
from t h e  general  o r b i t a l  r e l a t i o n s .  For convenience se s e t  

2e;)l t =  , L/y' + t a n  L cos 
2 

d 2 2 
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and write 

It then follows t h a t  

and so on. 
of the  base t r i a n g l e ,  the  t r a j e c t o r y  elements given by the  foregoing formulas 
may a l l  be expressed i n  terms of the th ree  independent elements of the base tr i-  
angle,  9 ,  VI, and rl, together  with the  i n i t i a l  speed. The r e s u l t s  a r e  sum- 
marized i n  column 1, Table 4.  
i n  the  dimensionless form of speed parameters. 
s e t  of independent var iab les  t o  the more usua l  combination: 
i s  s t ra ightforward though ted ious .  To avoid long, cumbersome expressions,  a re -  
dundant var iab le  m defined by Eq .  ( 6 )  is  introduced, and the r e s u l t s  a r e  given 
i n  column 2, Table 4. 

By using t h e  tr igonometric r e l a t i o n s  among the  geometrical elements 

For convenience, a l l  speeds have been expressed 
The t r a n s i t i o n  from the present 

9, n, rl ,  and hl 

It i s  t o  be noted t h a t ,  s ince  Eqs.  (17) and (30)  on which t h e  present  
der iva t ion  is  based, are independent of t h e  type of t h e  t r a j e c t o r y ,  so are 
a l l  the  formulas shown i n  Table 4. 
i n  Section I1 although t h e  formulas here  stand f o r  a l l  t h r e e  types of t h e  
Keplerian t r a j e c t o r y ,  they  may o r  may not  be r e a l i s t i c  ( s ee  footnote ,  Table 

F ina l ly  i n  l i n e  wi th  t h e  observat ions 

4) 
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Among these p r i n c i p a l  elements of t he  conjugate t r a j e c t o r i e s  the i n i t i a l  
path angle d1 deserves p a r t i c u l a r  a t t e n t i o n  s ince it determines the  c o r r e c t  
d i r ec t ion  of departure f o r  an a r b i t r a r y  i n i t i a l  speed. However, formula (36) 
may r e s u l t  i n  some ambiguity i n  f ind ing  the angle 41 from i t s  cosine s ince d l  
may be e i t h e r  pos i t i ve  o r  negative.  
by d i r e c t l y  r e s o r t i n g  t o  Eqs. (27) .  
plane) and 0 G1& (hodograph plane) i n  Figure 5-1 o r  5-2 and applying the co- 
s i n e  l aw we f i n d  

An a l t e r n a t i v e  formula may be obtained 
Observing the t r i a n g l e s  OQlQ2 (phys i ca l  

1-n cos JI 
m 

cos p1 = ( 3 9 )  

Inse r t ing  these expressions i n t o  Eqs. (26) we ob ta in  

I -1 1-n cos JI -1 n-1 + (1-n cos J I ) (  
_+ cos 

$1 = $cos m m h12 
(41-a) 

(41-b) 

Under the assumption 0 < JI < fi we have 0 < pl < fi, and 0 < 0 < n .  
both equations here give a unique value of 41 f o r  each of t he  conjugate p a i r  
without ambiguity. Note here t h a t  Eq. ( 3 9 )  i s  a purely tr igonometric r e l a t i o n  
of the base t r i a n g l e ,  while with the angle 0 defined i n  Figures 5-1, 2,  and 3 f o r  
the e l l i p t i c ,  hyperbolic and parabol ic  cases r e spec t ive ly ,  Eq. (40)  app l i e s  t o  
a l l  three types of t r a j e c t o r i e s .  Thus, j u s t  l i k e  Eq. (26) the present  expres- 
s ions (41-a, b )  hold regardless  of t he  type of the t r a j e c t o r y  even though it 
may not be r e a l i s t i c .  

Consequently 

Evidently a l l  formulas of t h i s  s e c t i o n  may apply t o  the complementary 

The dependence of the path 
group with a change of s i g n  f o r  the path angle and interchange of the upper 
and lower s igns i n  the double-sign convention. 
angle and the t r a j e c t o r y  e c c e n t r i c i t y  on the range angle, the dis tance r a t i o ,  
and the i n i t i a l  speed a re  shown g raph ica l ly  i n  Figures  ll-1 and 2 .  

Very o f t e n  the maximum and minimum r a d i a l  d i s t ances  on the t r a j e c t o r y  a r e  
of i n t e r e s t .  One should be aware of t he  f a c t  t h a t ,  s ince the t r a j e c t o r y  i s  
only a pa r t  of the Keplerian conic, t he  two apses may o r  may not l i e  on the 
t r a j ec to ry ,  and consequently the maximum and minimum r a d i a l  dis tances  may Or 



may not be given by the apocenter and per icenter  dis tances  a s  u sua l ly  c a l -  
culated from 

In  t h e  hodograph plane t h i s  i s  indicated by whether o r  not t h e  $ - a x i s  ( t h e  
l i n e  through 0 and C) w i l l  c ros s  t h e  a rc  QIQ, t h e  hodograph image of t h e  
t r a j e c t o r y ;  and t h i s  i s  i n  t u r n  determined by t h e  loca t ion  of t h e  hodograph 
o r i g i n  r e l a t i v e  t o  the two key points  H1 and H2, the i n t e r s e c t i o n s  of the 
l i n e  of o r i g i n s  with the  r a d i i  O Q 1  and o& ( o r  t h e i r  extensions)  r e spec t ive ly .  
An examination of the hodograph w i l l  help t o  c l a r i f y  the s i t u a t i o n  and the 
c r i t e r i a  obtained a r e  summarized i n  Table 5 .  Thus i n  a normal group it i s  
possible  t o  have e i t h e r  t he  apocenter o r  t h e  per icenter  alone, or none of them, 
bu t  never both l y i n g  on the t r a j e c t o r y .  I n  case the apocenter o r  the pe r i cen te r  
does not l i e  on the t r a j e c t o r y ,  then t h e  maximum or  minimum dis tances ,  i n s t ead  
of .  being given by E q s .  (42) w i l l  be e i t h e r  rl or 1-2 i t s e l f  It i s  t o  be noted 
t h a t  same c r i t e r i a  of Table 5 may apply t o  a complementary group i f  we i n t e r -  
change the l e t t e r s  A and P. 

F ina l ly ,  the durat ion of  terminal-to-terminal f l i g h t  i s  u sua l ly  of i m -  
portance i n  determining the a c t u a l  range of a b a l l i s t i c  mi s s i l e  over a r o t a t i n g  
planet ,  and i n  many problems of  o r b i t a l  t r a n s f e r  o r  i n t e rp l ane ta ry  f l i g h t .  
Various expressions a re  avai lable  fo r  such calculat ions;  however, with f ixed  
terminal  points  t he  most convenient way i s  t o  apply Lambert's theorem,' 
present  case one needs t o  note whether t h e  segment formed by a r e a l i s t i c  t r a -  
j ec to ry  and the  chord Q1Q2 contains both f o c i ,  the a t t r a c t i n g  focus alone, the 
vacant focus alone, o r  none of them ( t h e  vacant focus o f  parabola being con- 
s ide red  a t  i n f i n i t y ) .  
B and the  dependence of the time of f l i g h t  on the  range angle, terminal  d i s -  
tances  and the i n i t i a l  speec? a re  shown graphically i n  F i w r e s  11-3( a ) > ( b )  and ( c ) .  

In  the 

The r e s u l t s  of such appl icat ion a r e  summarized i n  Appendix 
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Table 5 

Hodographic. C r i t e r i a  f o r  the Occurrence of the  Apses on the  Trajectory (9 < YT) 

T T '  

kcurrence of Apsis 
on t h e  TraJectory n < l  n = l  n > l  

A, not P Between DII and H1 Between DII and C Between DII and H2 

Location of the  Hodouraph Origin 

P, not A Beyond H2 Beyond C Beyond H 1  

Between H 1  and H2 --- Neither A nor P Between HI and H 2  
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V I .  ANALYSIS OF SOME PARTICULAR TRAJECTORIES 

The t r a j e c t o r y  ana lys i s  made so far has been of a general  nature ,  a 
b r i e f  ana lys i s  f o r  some of t he  p a r t i c u l a r  t r z j e c t o r i e s  i s  now i n  order.  

THE MINIMUM ENERGY TRAJECTORY 

Since the  minimum energy t r a j e c t o r y  i s  f a i r l y  well-known,* only a few 
suplementary remarks w i l l  be s u f f i c i e n t .  

I n  l i n e  with the concept of conjugate t r a j e c t o r i e s  a minimum energy t r a -  
j ec to ry  may be viewed a s  the one conjugate t o  i t s e l f .  By using t h i s  concept 
a l l  formulas f o r  the minimum energy t r a j e c t o r y  follow immediately from those 
f o r  the conjugate t r a j e c t o r i e s .  For example, s e t t i n g  VcI = VcII = Vc*, 

'RI - 'R I I  = 'RW - i n  (21) we f i n d  

Thus t h e  minimum energy t r a j e c t o r y  i s  characterized by the f a c t  t h a t  t h e  
chordal and r a d i a l  components of e i t h e r  terminal ve loc i ty  a r e  i d e n t i c a l  i n  
magnitude, both equal t o  the  geometrical mean of any conjugate p a i r  of e i t h e r  
t h e  chordal components o r  t h e  radial components, with t h e  same JI and d. 
Formula (43) i s  i n  f a c t  self-evident  from the geometry of the hodograph since 
i n  the  present  case ( see  Figure 6)  the speed c i r c l e  a t  Qi i s  tangent t o  both 
the l i n e  of o r i g i n  and the l i n e  TQl and the  t w o  tangents drawn from an ex- 
t e r i o r  point  t o  a c i r c l e  a r e  necessar i ly  equal. This simpie f a c t  enables one 
t o  loca t e  the  optimum o r i g i n  O* i n  t he  hodograph plane f o r  the minimum energy 
t r a j e c t o r y  by simply l ay ing  off  TO+ = TQl  on the l i n e  of o r i g i n s .  

Likewise by using the same concept we deduce 

~ ~ 

*See f o r  example Ref. 4, 7, 8, 9 .  
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(46-1) 

d 2 Y  = - 1 (d2I+d2II) = 2 1 972 (46-2) 
2 

Thus t h e  optimum values of the angular momentum and l a t u s  rectum f o r  minimum 
energy t r a j e c t o r y  a r e  the  geometrical means of any conjugate p a i r s  of the 
angular momenta and l a t u s  r e c t a  respect ively f o r  the same range angle Jr  and the 
base a l t i t u d e  d; while the optimum terminal  path angle i s  the  a r i t hme t i c  mean 
of any conjugate p a i r  of the terminal path angles f o r  the same base angle a t  
the terminal  point,  and i s  equal t o  one half of t h i s  base angle.  The l a s t  
statement on the  path angle, i n  f a c t ,  amounts t o  saying: the optimum d i r e c t i o n  
of departure f o r  a minimum energy t r a j e c t o r y  always b i s e c t s  a p a i r  of conjugate 
d i r e c t i o n s  of departure and the  same i s  t rue  for the r e s u l t i n g  d i r e c t i o n  of 
approach. This conclusion has been previously e s t ab l i shed  i n  Ref 7 f o r  the 
symmetrical case.  The present ana lys i s  shows t h a t  it c a r r i e s  over t o  the un- 
symmetrical case j u s t  as we l l ,  I n  pa r t i cu la r ,  the optimum d i r e c t i o n  b i s e c t s  
the e x t e r n a l  angle a t  the corresponding terminal s ince t h e  chordal and r a d i a l  
d i r e c t i o n s  a t  e i t h e r  terminal  are  such a conjugate pair ;  thus the optimum d i -  
r e c t i o n  and the b i s e c t o r  of the base angle a t  t he  same terminal a r e  perpen- 
d i c u l a r  t o  each other .  It i s  i n t e r e s t i n g  t o  note here t h a t  t h e  d i r e c t i o n  of  
optimum departure  is  determined by t h e  i n i t i a l  base angle alone. Consequently 
t h i s  d i r e c t i o n  w i l l  remain f ixed i f  t h e  f i n a l  terminal  moves along t h e  chord 
l i n e .  This i s  i n  analogy with an a r t i l l e r y  t r a j e c t o r y  over a f la t  ear th .  
Imagine a t a r g e t  point  i s  i n  t h e  same horizontal  plane as t h e  i n i t i a l  po in t ,  
then a = 90°, and Eq. (46-1) gives  t h e  optimum d i r e c t i o n  of  departure  at  45" 
with t h e  l o c a l  horizon j u s t  l i k e  t h e  a r t i l l e r y  case,  although t h e  fo rce  f i e l d  
considered here i s  c e n t r a l  instead of uniform. The only main d i f f e rence  i s  
t h a t  t h e  t r a j e c t o r y  here i s  e l l i p t i c  instead of parabol ic .  

The optimum i n i t i a l  speed parameter f o r  t he  minimum energy t r a j e c t o r y  
i s  given by the  hodograph as the  radius  of the speed c i r c l e  a t  Q1 which i s  
tangent t o  the l i n e  of o r ig ins ,  and the geometry of the hodograph (Figure 6) 
shows t h a t  

which, a f t e r  some trigonometric s implif icat ions,  reduces t o  the  formula given 
i n  Ref. 8, 
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.. 
where s i s  the  half-perimeter of t h e  base t r iangle ,  defined by 

The minimum energy and the corresponding semimajor a x i s  a re  then found t o  be 

and 

Thus, i n  a given f i e l d ,  while t h e  angular momentum and the  l a t u s  rectum of a 
minimum energy t r a j e c t o r y  a r e  determined by $ and d alone the  o r b i t a l  energy 
and the major a x i s  depend only on the perimeter of the base t r i a n g l e .  

Following the  foregoing formulas a l l  o ther  elements of a minimum energy 
t r a j e c t o r y  may be e a s i l y  obtained from the  general  o r b i t a l  r e l a t i o n s .  Of 
course a l l  formulas and conclusions i n  t h i s  sec t ion  hold f o r  a normal group o r  
i t s  complement as wel l  except f o r  a change of sign i n  the  path angle, s ince 
t h e  minimum energy t r a j e c t o r i e s  of the  two groups a re  of the same Keplerian 
e l l i p s e .  

In regard t o  the occurrence of t h e  apses, it is t o  be noted t h a t ,  f o r  a 
normal group t h e  apocenter of a minimum energy t r a j e c t o r y  always l i e s  on the 
t r a j e c t o r y  w h i l e  i t s  per icenter  does not, s ince t h e  optimum o r i g i n  0, i n  such 
case always Ues between the  points  H 1  ( o r  H 2 )  and DII ( see  Table 5 ) .  
f o r  such t r a j e c t o r y  the apocenter i s  a c t u a l l y  the  t r a j e c t o r y  peak while t h e  
point of c loses t  approach on the t r a j e c t o r y  is  e i t h e r  Q1 o r  &2 according as 
r l  < r2, o r  r l  > r2. 
cept t h a t  it i s  the  per icenter  which always l i e s m  the t r a j e c t o r y ,  not t h e  
apocenter. 
t e r e s t .  
plane) and C G 1 G  (hodograph plane) a l i t t l e  tr igonometric manipulation y ie lds  

Thus 

A s imi la r  statement holds f o r  a complementary group ex- 

Sometines t h e  loca t ion  of such apses on the t r a j e c t o r y  i s  of in-  
By considering the  s i m i l a r i t i e s  of the  t r i a n g l e s  (&& (phys ica l  

s i n  $ t an  $2 = 
1 cos $ + ; 
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a. 
where the angles  $1 and JI2 a r e  i d e n t i f i e d  in  Figure 6, and 

which i s  a constant  fo r  a given base t r i a n g l e .  
l o c a t i o n  of t he  apocenter f o r  a normal minimum energy t r a j e c t o r y  or  the  peri- 
cen te r  of i t s  complement. 

The above equations give the  

THE LEAST ECCENTRIC TRAJECTORY AND ITS CONJUGATE 

As shown i n  Sect ion 11, the re  i s  a l e a s t  e c c e n t r i c  t r a j e c t o r y  f o r  each 
f i x e d  configurat ion of t he  base t r i a n g l e .  The hodograph o r i g i n  f o r  such t r a -  
j e c t o r y  i s  given by the point  E, t he  f o o t  of t he  perpendicular drawn from the 
center  of the hodograph c i r c l e  t o  the l i n e  o f  o r ig ins ,  and the  l e a s t  eccen t r i c -  
i t y  i s  given by Eq. (5)  o r  ( 5 a ) .  
g raph ica l ly  i n  Figures l l -2 -a ,b ,  c,d as t h e  least e c c e n t r i c i t y  l i n e  which forms 
the lower envelope f o r  a l l  t he  e c c e n t r i c i t y  curves.  Obviously with i t s  hodo- 
graph o r i g i n  loca t ed  a t  E, a l e a s t  eccen t r i c  t r a j e c t o r y  w i l l  have i t s  aps ida l  
a x i s  p a r a l l e l  t o  t he  chord l i n e  Q1Q2 i n  the physical  plane, and consequently 
i t s  minor a x i s  w i l l  pass through the  middle po in t  of t he  chord Q1& (Figure 

The dependence of on n and J I  i s  shown 

7).  

It can be shown t h a t  the t r a j e c t o r y  conjugate t o  the  l e a s t  e c c e n t r i c  one 
i s  t h e  one having i t s  hodograph o r i g i n  located a t  F, where t h e  l i n e  of o r i g i n s  
c ros ses  t h e  l i n e  Q1Q2 i n  the  hodograph plane. This t r a j e c t o r y  e l l i p s e  w i l l  
have the  l i n e  Q1& a s  i t s  diameter s ince the terminal  v e l o c i t i e s  a r e  now point-  
i ng  i n  the opposite d i r e c t i o n s .  The i n i t i a l  path angle t o  achieve t h i s  par- 
t i c u l a r  t r a j e c t o r y  of a normal group i s ,  as seen from the  hodograph, 

n k  $111 = - 94211 = - - 2 2  
(53-11) 

The conjugate pa th  angle,  which i s  the  one t o  achieve the  l e a s t  e c c e n t r i c  t r a -  
j e c t o r y  i s  then, according t o  Eq. (28-1) 

The i n i t i a l  speed r a t i o  X1 required for both t r a j e c t o r i e s  and the  r e s u l t i n g  
f i n a l  speed r a t i o  ha may be e a s i l y  found by not ing t h a t  the speed r a t i o s  a t  
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. .  
t he  o r b i t a l  points  d i ame t r i ca l ly  Opposite on an e l l i p t i c  o r b i t  a r e  connected 
b P  

which, when combined w i t h  t h e  general  r e l a t i o n  ( 2 ) ,  y i e l d s  

The semimajor a x i s  and the o r b i t a l  energy of e i t h e r  t r a j e c t o r y  a r e  then given 
by 

a = 1 2 (r1+r2) ( 5 6 )  

Thus the terminal  speeds, the major axis ,  and the o r b i t a l  energy of a l e a s t  
e c c e n t r i c  t r a j e c t o r y  o r  i t s  conjugate a l l  depend on r l  and r2 only, and in-  
dependent of t he  ver tex angle J r .  

OTHER TRAJECTORIES 

I n  add i t ion  t o  the few p a r t i c u l a r  t r a j e c t o r i e s  analyzed above the re  a re  
some o the r  ones which might be of i n t e r e s t .  For example, a s soc ia t ed  w i t h  t he  
po in t  HI, t he  i n t e r s e c t i o n  of the l i n e  of o r ig ins  w i t h  the radius  (321 ( o r  i t s  
extension, see Table 5 ) ,  t he  t r a j e c t o r y  i s  one of ho r i zon ta l  departure,  since 
the i n i t i a l  path angle i s  zero as  indicated by the hodograph. Such t r a j e c t o r y  
w i l l  have i t s  aps ida l  a x i s  coinciding w i t h  t h e  i n i t i a l  terminal  radius  OQ1 i n  
the physical  plane; and the  point  Q1 w i l l  be i t s  pe r i cen te r  i f  r l  < 1-2, o r  
apocenter i f  r1 > 1-2. Similar ly ,  associated w i t h  the point  112, where the l i n e  
of o r i g i n s  crosses  the  radius  OQ2 ( o r  i t s  extension) the t r a j e c t o r y  w i l l  have 
i t s  f i n a l  path angle equal t o  zero.  
f i n a l  terminal  radius  OQ2 and the point  Q2 w i l l  be i t s  apocenter i f  1-2 > r1 
or  pe r i cen te r  if r2 < rl .  
t a r g e t  point  on a sphe r i ca l  surface,  the t r a j e c t o r y  w i l l  be cotangent ia l  w i t h  
t he  surface,  and i s  known i n  b a l l i s t i c s  as the grazing t r a j e c t o r y .  

I t s  aps ida l  ax i s  w i i i  coincide w i t h  the 

I n  the l a t t e r  case, i f  &2 i s  considered as the 

I n  reentry 

*See Ref. 6, p.  174. 
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problems it represents  t he  l i m i t i n g  t r a j e c t o r y  f o r  r een t ry  t o  be e f f ec t ed .  
The pr inc ipa l  elements of e i t h e r  the  t r a j e c t o r y  of hor izonta l  departure  o r  
t he  grazing t r a j e c t o r y  may be e a s i l y  obtained from the  hodograph. 

Generally speaking, p a r t i c u l a r  t r a j e c t o r i e s  of i n t e r e s t  depend on the  
pa r t i cu la r  problem a t  hand. Complete ana lys i s  of a l l  these  t r a j e c t o r i e s  is 
impossible, and t h e i r  treatment w i l l  be l e f t  t o  the  separate  s tud ie s  of in -  
dividual  problems. 



* .  

V I I .  THE CASE OF 180 DEGmE RAN@ 

HODOGRAPHIC Rl3PRESENTATION A N D  BNERAL SURVEY 

So f a r  the ana lys i s  has been r e s t r i c t e d  t o  the case @ # J I .  I n  the bound- 
a r y  case of @ = JI, the  chordal and r a d i a l  components of the terminal  v e l o c i t i e s  
a l l  become p a r a l l e l ,  the  point T recesses t o  i n f i n i t y ,  and the  method of hodo- 
graph construct ion of Section I1 breaks down. However, the proof f o r  the l i n e a r  
d i s t r i b u t i o n  of hodograph o r ig ins  s t i l l  stands.  With the terminal  points  Q1 

and &2 l oca t ed  on the hodograph c i r c l e  as usual, obviously the l i n e  of o r ig ins  
w i l l  be normal t o  the diameter QlQ as shown i n  Figure 8b. 
the center  of the hodograph c i r c l e  t o  the l i n e  of o r i g i n  i s  s t i l l  given by 
according t o  Eq. (5a) which reduces t o  

The dis tance from 

I l - n l  
l + n  

- 
CE = 

i n  t he  present  case 

I n  the physical  plane the base t r i ang le  degenerates i n t o  the l i n e  segment 
QlQ2, which becomes a f o c a l  chord; and the  normal group and i t s  complement now 
have the same range angle @. I n  f a c t ,  associated with a given chord Q1Q2 a l l  
d i s t i n c t i o n s  between a normal group and i t s  complement disappear except i n  the 
d i r e c t i o n  of motion. For convenience, however, the same terminology w i l l  be 
r e t a i n e d  here by r e f e r r i n g  t o  the group moving i n  the counterclockwise direc-  
t i o n  a s  normal, and the other  i t s  complement. The hodograph i n  Figure 8(b) i s  
drawn f o r  the normal group, and the corresponding hodograph f o r  i t s  complement 
may be obtained by r o t a t i n g  Figure @)through 180" a s  usual .  Following the 
general  survey of Section I1 and with reference t o  Figure B(b),all r e a l i s t i c  
t r a j e c t o r i e s  w i l l  have t h e i r  o r ig ins  ly ing  i n  the open i n t e r v a l  from DII v i a  
DI t o  i n f i n i t y .  Furthermore, the symmetrical nature of the hodograph shows 
t h a t  the conjugate t r a j e c t o r y  conics a re  now i d e n t i c a l  and symmetrically o r i -  
en t a t ed  with respect  t o  the l i n e  &~Q.P; and i n  f a c t  the conjugate of a t r a j e c -  
t o r y  i s  the r e f l e c t i o n  of i t s  complement about QlQ2. The inner forbidden 
region of departure and outer forbidden region of approach both vanish; the 
axes of the two l i m i t i n g  hyperbolas both coincide w i t h  the normal t o  the  l i n e  
Q1Qz a t  0, bu t  point i n  the opposite d i r ec t ions .  The various regivris aiid t h e i r  
included angles are  shown i n  Figure 8a and Table 6 .  A t y p i c a l  conjugate p a i r  
and the  corresponding hodograph are  shown i n  Figure 9-1, 2 f o r  the e l l i p t i c  and 
hyperbolic cases respect ively;  f o r  the parabolic case, see Figure 8. 
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- *  

THE CHARACTERISTICS OF THE CONJUGATE TRAJECTORIES AND THEIR PRINCIPAL ELEMENTS 

Although t h e  chordal and r a d i a l  ve loc i ty  components a re  no longer s ig -  
n i f i can t  i n  dea l ing  with the  180" range t r a j e c t o r i e s ,  t he  previously der ived 
conjugate r e l a t i o n s  a re  preserved. 
goes t o  i n f i n i t y  as  + approaches x; however, the constant  i n  Eq. ( 2 3 )  or (25) 
does approach a f i n i t e  l i m i t .  

Of course the  constant  i n  E q .  (17) o r  (21) 

To see t h i s  we wr i te  t he  t r igonometr ic  i d e n t i t y  

and f ind  

Consequently the  conjugate r e l a t i o n s  (23)  and (25)  reduce t o  

f o r  the present  case .  
s ince ,  R S  pointed out  e a r l i e r ,  the  conjugate t r a j e c t o r i e s  a r e  now of i d e n t i c a l  
conics,  we have 

I n  f a c t ,  a t  t h i s  po in t  we may go one s t e p  f u r t h e r :  

which, when combined with Eqs. (61) and (62), give immediately the  expressions 
f o r  the angular  momentum and the  semi-latus rectum as  shown i n  Table 4. 

Noting that v 3 1  = 972 = 0 when JI = n, t he  conjugate relations (28) now 
become 
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which a re  a l s o  evident  from the symmetry of the present  hodograph. To evaluate 
the terminal  path angles we note from the hodograph t h a t ,  i n  the r i g h t  t r i a n g l e s  
Q l O l B l  and Q l O l E  (Figures 9-1, 21, 

from which by e l imina t ing  we ob ta in  

And i n  view of Eq. (64) w e  may wri te  

= * cos (41)  

(65-11) 

A s i m i l a r  expression stands f o r  the conjugate values of &. 
same r e s u l t s  here may be obtained by s e t t i n g  
t h a t  the formulas (41-a,b) o r i g i n a l l y  deduced f o r  the case Jr = TI holds a l s o  
i n  the  l i m i t i n g  case of Jr = TI. 

The geometry of the hodograph shows t h a t  

Note t h a t  the 
= x i n  E q .  (41 -a ) .  

Note here the s p e c i a l  case of parabol ic  f l i g h t .  

This shows 

f o r  e i t h e r  group. That i s ,  t h e  terminal 
a r e  normal t o  each o the r .  Geometrically 

v e l o c i t i e s  i n  a 180" parabol ic  f l i g h t  
t h i s  implies t h a t  the two tangents a t  

t he  ends of a f o c a l  chord of a parabola are orthogonal.  
m e t r i c a l  property of a parabola.  

This i s  i n  f a c t  a geo- 

Returning t o  the  general  case it i s  to  be noted t h a t ,  f o r  a 180" f l i g h t ,  
between f i x e d  terminals,  although the i n i t i a l  speed may be a r b i t r a r y ,  i t s  
8-component i s  not .  This can be seen from the hodograph since 

which shows t h a t  Ql and consequently Vel i s  f ixed  by the terminal  dis tances  
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r .  

alone, hence independent of t he  i n i t i a l  speed. The same i s  t r u e  f o r  t he  f i n a l  
speed V Q ~ .  

Formulas f o r  o t h e r  t r a j e c t o r y  elements may be l ikewise deduced from the 
hodograph geometry of Figures 8 a n d  5, o r  by using appropr ia t .e  orhi t .a l  r e l a -  
t i o n s .  The r e s u l t s  a r e  summarized i n  column 3, Table 4; and the  dependence 
of some of t he  pr inc ipa l  t r a j e c t o r y  elements on the dis tance r a t i o  and the 
i n i t i a l  speed a re  shown graphical ly  i n  Figures 11-1,2(d). It i s  worth not ing 
from Table 4 t h a t ,  f o r  JI = 11, i n  addi t ion  t o  the  @-components of the terminal 
ve loc i t ies ,  t h e  angular momentum and l a t u s  rectum a r e  a l s o  f i x e d  by the t e r -  
minal dis tances  r l  and r2 alone, hence they a re  independent of t he  i n i t i a l  
speed, o r  t he  p a r t i c u l a r  choice of t r a j e c t o r y .  

The c r i t e r i a  given i n  Table 3 f o r  t he  ozcurrence of apses on the t r a j e c -  
t o r y  s t i l l  s tand f o r  the present  case.  However, it i s  t o  be noted t h a t ,  a s  
the present hodograph shows, t he  points  HI and H 2  coincide a t  E .  This i n -  
d i ca t e s  t h a t  at  l e a s t  one of t he  two apses w i l l  l i e  on the t r a j e c t o r y ,  and 
both w i l l  be on t h e  t r a j e c t o r y  when the  o r i g i n  i s  a t  E,  corresponding t o  the 
minimum energy t r a j e c t o r y .  

Final ly ,  f o r  a 18O0-f1ight, the parameters qo and q l 0  i n  Lambert's 
formula a l l  vanish and the r e s u l t i n g  s impl i f ied  expressions f o r  t he  durat ion 
of f l i g h t  a r e  given i n  Appendix B and graphica l ly  shown i n  Figure 1k3(d) .  It 
only needs t o  mention here t h a t ,  i n  t he  e l l i p t i c  case, 

A t 1  + A t 1 1  = -C r l  y'i - - T (per iod  of e l l i p t i c  motion) (68) 
./L a 1 - h  ) 

as  it should be s ince a s  pointed out  e a r l i e r ,  t he  conjugate path i s  only t h e  
r e f l e c t i o n  of the complementary path about t h e  l i n e  QlQ2. 

THE M I N I M U M  ENERGY TRAJECTORY AND THE LEAST ECCENTRIC TRAJECTORY 

When JI = II the  minimum energy t r a j e c t o r y  and the  l e a s t  e c c e n t r i c  t r a j e c -  
t o r y  coincide, both have t h e  point  E a s  t h e i r  hodograph o r i g i n  (see Figure lo). 
The t r a j e c t o r y  i s  a half e l l i p s e  with i t s  a p s i d a l  a x i s  coinciding with Q1Q2, 

and the t r a j e c t o r y  conic i s  the  well-known Hohmann's e l l i p s e .  Thus a Hohmann's 
e l l i p s e  i s  not only the l e a s t  energe t ic ,  b u t  a l s o  t h e  l e a s t  eccent r ic ,  among 
a l l  t r a j e c t o r i e s  of common terminals  with 180" range. From Eqs. (57) and (58) 
the  o r b i t a l  energy and the e c c e n t r i c i t y  of a Hohmann's e l l i p s e  a r e  found t o  be 
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and 

Comparing these formulas with the  corresponding general  formulas (49) and (?-a) 
respectively,  we see t h a t ,  i f  the  terminal  dis tances  a r e  f ixed,  b u t  the range 
angle is allowed t o  vary, the energy of the Hohmann's e l l i p s e  i s  i n  f a c t  the 
greatest  among a l l  the minimum energy ones; while i t s  e c c e n t r i c i t y  i s  the  over- 
a l l  minimum i n  the e n t i r e  t r a j e c t o r y  system. Other elements of the Hohmann's 
e l l i p s e  can be e a s i l y  obtained from the  hodograph a s  usua l .  
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V I I I .  SUMMARY OF CONCLUSIONS 

The main conclusions obtained i n  the present ana lys i s  may be summarized 
as follows: 

1. For a system of a l l  co-terminal t r a j e c t o r i e s  of the same range angle, 
the locus of the hodograph o r i g i n  i n  the dimensionless %oy-plane i s  a s t r a i g h t  
l i n e  p a r a l l e l  t o  t he  l i n e  connecting the terminal points  i n  the physical  plane.  
This is  t r u e  regardless  of whether t h e  range angle i s  l e s s  than, g r e a t e r  than 
or  equal t o  q. 

2.  O f  the  i n f i n i t e l y  many co-terminal t r a j e c t o r i e s  a s soc ia t ed  with a 
given base t r i a n g l e  i n  a given f i e l d :  

( a )  Only two a re  parabolic,  and a l l  the r e a l i s t i c  t r a j e c t o r i e s ,  e l l i p t i c  
and hyperbolic, a r e  confined i n  the  region outside the base t r i a n g l e  and 
bounded between the branches of the  parabolas extending from each terminal t o  
i n f i n i t y ,  with those of the normal group a l l  above the chord o r  base (QlQ2) 
of the base t r i a n g l e  and the complementary group i n  the r e s t  of the region 
( s e e  Figure 3(a)). 

( b )  There  e x i s t  an upper l i m i t  and a lower l i m i t  f o r  the i n i t i a l  path 
1 angle i n  each group beyond which no such t r a j e c t o r y  i s  possible;  consequently, 

t he re  i s  a forbidden angular region f o r  the d i r ec t ions  of departure a t  the 
i n i t i a l  terminal .  A s imi l a r  s i t u a t i o n  e x i s t s  f o r  the d i r ec t ions  of approach 
a t  the f i n a l  terminal .  The included angle of each region i s  determined by 
the  geometry of the base t r i a n g l e  ( see  Figure 3 and Table 2 ) .  

( c )  The p e s i t i v e  port ions of t he  e l l i p t i c  aps ida l  axes, and those of 
the hyperbolic aps ida l  axes a r e  a l s o  confined i n  c e r t a i n  angular regions 
bounded by the aps ida l  axes of the two parabolic t r a j e c t o r i e s  and the two 
axes coinciding with the  base a l t i t u d e  and the b i s e c t o r  of the vertex angle 
Jr of the base t r i a n g l e  r e spec t ive ly .  
a l s o  determined by the  geometry of the base t r i a n g l e  ( see  Figure 3 and Table 3 

The included angle of each region i s  

( d )  Besides the well-known minimum speed, t he re  e x i s t s  a l e a s t  e l l i p t i c  
e c c e n t r i c i t y  which the t r a j e c t o r y  may a t t a in ,  and an upper l i m i t  f o r  the hyper- 
b o l i c  e c c e n t r i c i t y  of the complementary group ( see  Eqs e (5 ,5a)  and ( 7 ) ) .  There 
is no upper l i m i t  f o r  the hyperbolic eccen t r i c i ty  of the  normal gi-oilp. 

3 .  For a p a i r  of conjugate t r a j e c t o r i e s  associated with a given base tri- 
angle and an a r b i t r a r y  i n i t i a l  speed i n  a given f i e l d :  

I ( a )  The chordal and r a d i a l  components of t h e  terminal ve loc i ty  of one 
t r a j e c t o r y  a re  equal t o  the r a d i a l  and chordal components of the terminal 
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- .  
ve loc i ty  of t h e  o t h e r  r e spec t ive ly  ( t h e  r ec ip roca l  r e l a t i o n )  . 

(b) 
i s  a constant:  

The product of each conjugate p a i r  of t h e  following q u a n t i t i e s  

i. 
ii. 

i v .  The l a t u s  rectum. 

The chordal component of the terminal  v e l o c i t y .  
The r a d i a l  component of t he  terminal  ve loc i ty .  

iii. The angular momentum. 

Each constant depends of the ver tex angle $ and the  base a l t i t u d e  d alone, 
hence independent of the i n i t i a l  speed. 

( c )  The sum of the conjugate path angles a t  e i t h e r  terminal  i s  a con- 
s t a n t ,  equal t o  one-half of t he  base angle a t  t h a t  terminal .  

4. A minimum energy t r a j e c t o r y  is character ized by the following f ea tu res :  

( a )  The chordal and r a d i a l  components of e i t h e r  terminal  v e l o c i t y  a r e  
e qual .  

( b )  The d i r e c t i o n  of motion a t  e i t h e r  terminal  b i s e c t s  any p a i r  of 
conjugate d i r ec t ions  a t  t h a t  terminal .  This d i r e c t i o n  depends only on the 
base angle a t  t h a t  terminal  ( s ee  Eqs. ( 4 6 ) ) .  

( c )  The chordal and r a d i a l  components of the terminal veloci ty ,  the 
angular momentum, and the l a t u s  rectum a r e  the  geometrical mean of the con- 
jugate p a i r  of the corresponding q u a n t i t i e s  a s soc ia t ed  with a base t r i a n g l e  
of the same ver tex angle $ and base a l t i t u d e  d .  

3. A l e a s t  eccen t r i c  t r a j e c t o r y  i s  character ized by the  following 
features:  

( a )  The aps ida l  a x i s  of the t r a j e c t o r y  e l l i p s e  i s  p a r a l l e l  t o  the chord 
Q1Q2 - 

( b )  The terminal  speed parameters, the major ax i s ,  and the o r b i t a l  energy 
a l l  depend on the terminal  dis tances  only, hence independent of the range 
angle .  

( c )  The l e a s t  e c c e n t r i c i t y  i s  proport ional  t o  the numerical difference 
between the terminal  dis tances  and inve r se ly  proport ional  t o  the length of 
the chord ( see  Eq. ( 5 - a ) ) .  

6 .  I n  the case of 180" range, the &components of t he  terminal v e l o c i t i e s ,  
the angular momentum and the  l a t u s  rectum a r e  a l l  f i xed  by the terminal d i s -  
tances r l  and r2 alone, thus they a r e  independent of the i n i t i a l  speed, hence 
the choice of t r a j e c t o r y .  
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7. ( a )  In  a system of co-terminal t r a j e c t o r i e s  of 180" range the Hohmann's 
e l l i p s e  has both the  minimum o r b i t a l  energy and the  l e a s t  e c c e n t r i c i t y .  

(b )  I n  a system of f i x e d  terminal  dis tances  b u t  varying range angle, 
t he  Hohmann's e l l i p s e  has the  g r e a t e s t  minimum energy and the  o v e r a l l  l e a s t  
e c c e n t r i c i t y .  

63 



\ 

n 

APPENDIX A 

CORRELATION BETWEEN THE PHYSICAL PLANE AND THE HODOGRAPH PLANE FOR THE KSPIERIAN ORBITS* 

E l l i p t i c  Orbit  Hyperb 

Orb i t a l  Element 

d 
Orbi ta l  Velocity 

Tota l  
Transversal  Comp' t 
Radial  Comp' t 5 

Path Angle d 
True Anomaly e 

1 Eccent r ic i ty  E 

Angulor Momentum h 

Orbi ta l  Energy k 

Speed Parameter k 

Dietance Ratios T'/r 
./a 
b /a 

IC O r b i t  Parabolic Orbi t  
Hodonr 

t -Plane 
= p/h 

LCQO 

LPCQ 

LDC I 

I Plane 
*-Plane 
W = 1  

LCQO 

LpCQ 

oc - 

112 Bg 
- 
2 
E( e l l i p t i c ) ,  
01( hyperbolic) 

L O C I  Direction Angle of Aeymptote 7 
(hyperbolic o r b i t )  

Pa r t i cu la r  Orb i t a l  Point8 

Per icenter  P 
Apocenter A 
En& of L e t u  Rectum M, M' 
En& of Minor Axis, E l l i p t i c  Orbi t  N,N' 
Points a t  In f in i ty ,  Hyperbolic Orbi t  1,I' 
Point a t  In f in i ty ,  Parabolic Orb i t  0 

Note: 

*Condensed from Ref. 8, pp. 882-894. 

1. 
2. LSOQ 90" 

Posi t ive  d i r ec t ions  of e and .$ a re  ind ica ted  i n  the  f i w e .  
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